Geometrical construction of quantum groups representations by Arnal, D. et al.
ar
X
iv
:m
at
h/
02
10
29
4v
1 
 [m
ath
.Q
A]
  1
8 O
ct 
20
02 Geometrical construction of quantum groups
representations
Arnal D.∗; Bel-Baraka N.∗†; Boukary Baoua O.‡
October 30, 2018
Abstract: We describe geometrically the classical and quantum inhomoge-
neous groups G0 = (SL(2,C) ⊲ C
2) and G1 = (SL(2,C) ⊲ C
2) ⊲ C by study-
ing explicitly their shape algebras as a spaces of polynomial functions with a
quadratic relations.
1 Introduction
The problem of describing quantum inhomogeneous group G, semi-direct pro-
duct of a semi simple group by an abelian or more generally solvable normal
subgroup is still not totally solved [5]. The main difficulty is the incompletness
of the family of irreducible finite dimensional representations for these groups.
In the order to overpass this problem, we have either to consider infinite
dimensional irreducible representations or finite dimensional indecomposable
representations.
This last family of representations is very large and hard to describe (generally
we don’t have a classification for such representations). But in the case where the
inhomogeneous group is a subgroup of a semi simple one S, we can try to restrict
ourselves to the family of restrictions to G of irreducible finite dimensional
representations of S.
On the other hand, C. Ohn gave a geometrical description of the quantum
group G = SL(n,C) [1], by defining its shape algebra as the space of regular
sections of the line bundles over some sheme in the flag manifold [4], or as the
space of regular functions on a manifold G
/
U .
In this paper, we intend to describe explicitly the simplest examples of shape
algebra for an inhomogeneous quantum group by using the geometric approach
of C.Ohn.
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More precisely, we are looking at two subgroups G1 and G0 of G = SL(3,C),
wich are inhomogeneous of the form (SL(2,C) ⊲ C2) ⊲ C and (SL(2,C) ⊲ C2).
In the Drinfeld-Jimbo quantum universal enveloping algebra Uq(sl(3,C)), there
is a sub-bigebra which is the quantum version Uq(g1) of the classical enveloping
algebra of g1. Unfortunately, there is no quantum subalgebra associated to G0
in Uq(sl(3,C)).
We intend to study, geometrically, this phenomena, thus we describe the classical
shape algebras for G1 and G0 as regular functions under the complex manifolds
G1
/
U1
and G0
/
U0
. The first one is dense inside G
/
U but for the second one
G0
/
U0
is a closed submanifold of G
/
U of smaller dimension.
In our opinion this is the geometrical presentation of the fact that G0 is not a
quantum subgroup of G.
We can, finally, quantify the shape algebra of G1 by following the same com-
putation as for SL(3). The paper is organized as follows, after recalling our
notations and the presentation of Uq(g1) in part 2, we describe explicitly the
classical shape algebra for G = SL(3,C) as a space of polynomial functions or
as a quadratic associative algebra generated by particular functions pi and qj
with explicit quadratic relations.
In part 4, we recall the C. Ohn construction for the quantum shape algebra of
G. As a result, this algebra is still quadratic, generated by the pi and qj with
explicit deformed relations.
In the two last part, we describe first the classical shape algebras for G0 and G1
as algebras of polynomial functions, then the quantum shape algebra for G1, as
an explicit quadratic associative algebra generated by pi, qj and 1/q3.
2 Notations and preliminaries
In this paper, we shall consider the following Lie groups:
G = SL(3,C) = { g =

 x1 y1 z1x2 y2 z2
x3 y3 z3

 , det g = 1}
G1 =
(
SL(2,C) ⊲ C2
)
⊲ C = { g1 =

 x1 y1 0x2 y2 0
x3 y3 z3

 , det g1 = 1}
and
G0 = SL(2,C) ⊲ C
2 = { g0 =

 x1 y1 0x2 y2 0
x3 y3 1

 , det g0 = 1}.
G being simple, there exists quantum versions of G. Especially here, we consider
the well known Drinfeld-Jimbo quantum universal enveloping algebra Uq(g) for
2
g = sl(3,C), it is defined by its generators K±1 ,K
±
2 , X1, X2, Y1, Y2 and the rela-
tions:
K1K
−1
1 = K
−1
1 K1 = 1
K2K
−1
2 = K
−1
2 K2 = 1 K1K2 = K2K1 (∗)
K1X1K
−1
1 = q
2X1 K1Y1K
−1
1 = q
−2Y1 K1X2K
−1
1 = q
−1X2
K1Y2K
−1
1 = qY2 K2X1K
−1
2 = q
−1X1 K2Y1K
−1
2 = qY1
K2X2K
−1
2 = q
2X2 K2Y2K
−1
2 = q
−2Y2 X2Y1 − Y1X2 = 0
X1Y2 − Y2X1 = 0 X1Y1−Y1X1=
K1−K
−1
1
q−q−1 X2Y2−Y2X2=
K2−K
−1
2
q−q−1
and
X21X2−(q+q
−1)X1X2X1+X2X
2
1 =0 Y
2
1Y2−(q+q
−1)Y1Y2Y1+Y2Y
2
1 =0
X22X1−(q+q
−1)X2X1X2+X1X
2
2 =0 Y
2
2Y1−(q+q
−1)Y2Y1Y2+Y1Y
2
2 =0
The coalgebra structure on Uq(g) is defined by the following coproduct:
∆K±11 =K
±1
1 ⊗K
±1
1 ∆X1 = X1⊗1+K1⊗X1 ∆Y1=Y1⊗K
−1
1 +1⊗Y1
∆K±12 =K
±1
2 ⊗K
±1
2 ∆X2=X2⊗1+K2⊗X2 ∆Y2=Y2⊗K
−1
2 +1⊗Y2
The generators K±1i are formally identified with e
±tHi if H1 and H2 are the
usual basis for the Cartan subalgebra :
H1 =

 1 0 00 −1 0
0 0 0

 H2 =

 0 0 00 1 0
0 0 −1


Xi and Yi are the root vectors associated to simple roots :
X1 =

 0 1 00 0 0
0 0 0

 X2 =

 0 0 00 0 1
0 0 0


Y1 =

 0 0 01 0 0
0 0 0

 Y2 =

 0 0 00 0 0
0 1 0


and t and q are formally related by et = q.
Since the Lie algebras g0 and g1 of G0 and G1 are subalgebras of g, the
classical universal enveloping algebras U(g0) and U(g1) are subalgebras of U(g).
Unfortunately, this does not hold at the quantum level.
Lemma 1
Uq(g1) is a sub-bigebra of Uq(g) but ∆(Uq(g0)) is not included in Uq(g0)⊗Uq(g0).
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Indeed, the bigebra Uq(g1) can be written as :
Uq(g1) =
T (K±11 ,K
±1
2 , X1, Y1, Y2)
/
T (K±11 ,K
±1
2 , X1, Y1, Y2) ∩ I
where T (K±11 ,K
±1
2 , X1, Y1, Y2) is the tensor algebra generated byK
±1
1 ,K
±1
2 , X1,
Y1 and Y2 and I is the ideal given by relations (∗) in which the generator X2
does not arise. Moreover, the coproduct ∆ of Uq(sl(3,C)) can be restricted to
Uq(g1) as :
∆|Uq(g1)
: Uq(g1)→ Uq(g1)⊗ Uq(g1).
Neverthless, the set of generators of Uq(g0) does not contain K2. Since K2 arise
in the expression of ∆Y2, then Uq(g0) is not included in Uq(g0)⊗ Uq(g0).
Due to this fact, many authors, attempting to describe inhomogeneous quan-
tum goups like SL(2,C)⊲C2, prefer to add a central dilatation (the K2 element
here) to build their model (see [5] for instance).
In this paper, we want to give another point of view more geometrical for this
phenomena. Our starting point is the description, by C. Ohn [1], of quantum
SL(3,C) and its shape algebra.
3 Borel-Weil-Bott theorem for SL(3, C)
To describe SLq(3,C), we need an explicit realization for each irreducible uni-
tary representation of SL(3,C) and their tensor product. The unitary irre-
ducible representation of SL(3,C) are acting on the space of sections of line
bundles over G
/
B , where B is the Borel subgroup [4]:
B = { b =

 a1 b1 c10 b2 c2
0 0 c3

 , det b = 1}
The characters χn1,n2 of B have the following form :
χn1,n2(b) = a
−n1
1 c
n2
3 = a
−(n1+n2)
1 b
−n2
2 (n1, n2 ∈ Z).
We denote the corresponding principal bundle by:
G×χn1,n2 C→
G/
B
(an element of G ×χn1,n2 C is an equivalence class [g, z] = [gb, χn1,n2(b)
−1z] in
G× C).
G/
B is the flag manifold D of C
3:
D = {C

 x1x2
x3

 ,C

 x1x2
x3

+ C

 y1y2
y3

} ≃ {[p], [q], p.q = p1q1 + p2q2 + p3q3 = 0}
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where the elements [p] and [q] of P(C3) are respectively the line through
p =

 p1 = x1p2 = x2
p3 = x3

 and the line trough q =

 q1 = x2y3 − x3y2q2 = x3y1 − x1y3
q3 = x1y2 − x2y1

 in C3.
The space of holomorphic sections of the line bundle G ×χn1,n2 C →
G/
B is
non trivial if and only if n1 ≥ 0 and n2 ≥ 0. A section is a regular homogeneous
function f from G to C such that :
f(gb) = χn1,n2(b)
−1f(g), ∀g ∈ G, ∀b ∈ B.
Let U be the unipotent subgroup :
U = {u =

 1 b1 c10 1 c2
0 0 1

}.
We can describe the homogeneous space G
/
U as the submanifold of C
6 defined
by :
G/
U ≃ {p ∈ C
3\{0}, q ∈ C3\{0}, p.q = 0}.
G/
U is thus an affine submanifold of C
6, we shall consider its closure G
/
U in
the usual embeding of C6 into P(C7):
G
/
U = {

 pq
1

 ∈ P(C7), p.q = 0}
Lemma 2 (Extension of sections)
For each n1, n2 in N, the sections of G ×χn1,n2 C →
G/
B can be viewed as
regular functions on G
/
U .
Proof: Since χn1,n2 is trivial on U , f gives rise to a function, still denoted f
on G
/
U .
If p1 6= 0 and q3 6= 0, then

 x1 y1 z1x2 y2 z2
x3 y3 z3

 =

 p1 0 0p2 q3p1 0
p3
−q2
p1
1
q3

 .

 1
y1
x1
z1
x1
0 1 z2x1−x2z1
q3
0 0 1

 .
Let f be a section of our line bundle, then, after division by detk(g) with a well
choice of k,f is polynomial homogeneous in the (x, y, z) variables with degree
n1 + n2 in x, n2 in y, 0 in z or :
f(x, y, z) =
P1(p, q)
pn21
(p1 6= 0),
5
P1 being polynomial in p and q, homogeneous with degree n1 + n2 in p and
homogeneous with degree n2 in q.
Similarly, on the open subset p2 6= 0, p3 6= 0, we can write :
f(x, y, z) =
P2(p, q)
pn22
and f(x, y, z) =
P3(p, q)
pn23
On the other hand, the ideal (pq) generated by pq = p1q1 + p2q2 + p3q3 is
prime. Indeed, if P and Q are polynomials such that:
PQ = (pq).R,
then, by division inC(q1)[p1, p2, p3, q2, q3], we get polynomial functions T, S, T
′, S′
such that:
ql1P = (pq)T + S and q
l′
1Q = (pq)T
′ + S′
with degp1 S = degp1 S
′ = 0. Or :
ql
′′
1 (pq)R = (pq)((pq)TT
′ + TS′ + T ′S) + SS′
Thus SS′ = (pq)R′, this implies R′ = 0 and S or S′ = 0. If for instance S = 0
then
ql1P = (pq)T
Then valq1(T ) ≥ l or T = q
l
1T
′, P = (pq)T ′ is in (pq).
Now by the Nullstellensatz, our equation:
f =
P1
pn21
=
P2
pn22
p1 6= 0, p2 6= 0 p.q = 0
can be written as:
pn22 P1 − p
n2
1 P2 = (pq)Q.
Thus val(p1,p2)Q ≥ n2 or Q =
∑n2
j=0 p
n2−j
1 p
j
2Qj. From that we get :
pn22 (P1 − (pq)Qn2)− p
n2
1 (P2 − (pq)Q0) = (pq)p1p2
n2−1∑
j=1
pn2−j−11 p
j−1
2 Qj .
Thus
valp1(P1 − (pq)Qn2) ≥ 1, valp2(P2 − (pq)Q0) ≥ 1
And
P1 − (pq)Qn2 = p1P
′
1, P2 − (pq)Q0 = p2P
′
2
then
f =
P ′1
pn2−11
=
P ′2
pn2−12
and by induction there exists a polynomial function P in the variables p, q such
that f = P on G
/
U .
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We shall call O(G
/
U ) the shape algebra of the classical group SL(3,C).
The multiplication in this algebra:
O(G
/
U )⊗O(
G
/
U )→ O(
G
/
U )
is the dual form of the classical comultiplication ∆ on U(sl(3)). If u belongs to
U(sl(3)) and if f1, f2 belongs to O(G
/
U ), we can put :
∆u(f1 ⊗ f2)(e, e) = u(f1f2)(e)
(in fact ∆X = 1⊗X +X ⊗ 1 for any X in sl(3,C)) and ∆ is a morphism from
U(sl(3)) into U(sl(3))⊗ U(sl(3)).
We can also see, as C. Ohn did in [1], the space H0(G
/
B,χn1,n2) of poly-
nomial functions homogeneous with degree n1 in p and n2 in q as the dual
Vn1̟1+n2̟2 of the “algebraic” space V
n1̟1+n2̟2 . If ̟1 and ̟2 stands for
the fundamental weights, V n1̟1+n2̟2 is the carrying space of irreducible rep-
resentation of SL(3,C) with highest weight λ = n1̟1 + n2̟2. If V
1 is C3
with canonical basis e1, e2, e3, then V
n1̟1+n2̟2 is explicitly realized as the
submodule of (V 1)⊗n1 ⊗ (V 1 ∧ V 1)⊗n2 generated by the highest weight vector
vλ = (e1)
⊗n1 ⊗ (e1 ∧ e2)⊗n2 . Denote V 2 the space V 1 ∧ V 1, we get an inclusion
mapping:
V n1̟1+n2̟2 ⊂ (V 1)⊗n1 ⊗ (V 2)⊗n2 .
The natural identification between H0(G
/
B,χn1,n2) and Vn1̟1+n2̟2 being
ϕ ∈ Vn1̟1+n2̟2 7→ f
such that f(g) = ϕ(g.vλ), for any g in G.
The multiplication m is thus the transposition of the family of injections :
V λ1+λ2 → V λ1 ⊗ V λ2 .
In fact as an algebra, O(G
/
U ) is generated by V1 and V2 the duals of the funda-
mental representation of SL(3,C) i.e. by the linear functions p1, p2, p3, q1, q2, q3
and sixteen quadratic relations :
pipj = pjpi (i < j) qjqi = qiqj (i < j)
piqj = qjpi (i 6= j) piqi = qipi p.q = 0
We can replace the four last relations by :
p1q1 = q1p1 p3q3 = q3p3
p2q2 + q1p1 + q3p3 = 0 q2p2 + p1q1 + p3q3 = 0
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4 The C. Ohn construction
C. Ohn gave a more geometrical construction for the shape algebra[1]. Let us
recall quickly here, in the SL(3,C) case, his construction.
The shape algebra is generated by V1 ⊕ V2 (the linear polynomial functions in
p1, p2, p3, q1, q2, q3). If i and j are in {1, 2}, we consider the tensor products
V i ⊗ V j .
Let V ij be the irreducible module with highest weight ̟i +̟j. We define
an explicit injective map :
V ij −→ V i ⊗ V j
by constructing a system of vectors eijC generating V
ij . We consider all the
orthocell C for sl(3): C is the right coset in the weyl group W of sl(3), for
a subgroup Γ generated by a set A of pairwise commuting reflexions, (A = ∅
or A = {sαi} (i = 1, 2)). Among all these orthocells, we select the small and
ij-effective ones, (See [1] for explicit definition).
In the case of SL(3) we get fourteen small orthocells. Identifying the Weyl
group as S3, the six “ trivials” are:
C01 = {[123]} ; C
0
2 = {[132]} ; C
0
3 = {[213]}
C04 = {[231]} ; C
0
5 = {[312]} ; C
0
6 = {[321]} .
and the eight “non trivials” are:
C1 = {[123] , [213]} ; C2 = {[132] , [231]} ; C3 = {[312] , [321]}
C4 = {[123] , [132]} ; C5 = {[213] , [312]} ; C6 = {[231] , [321]}
C7 = {[132] , [312]} ; C8 = {[213] , [231]} .
For any i, j the six trivial orthocells are ij-effective. Amid the others, we keep
only C1, C2, C5, C6, C7 for i = j = 1, C2, C3, C4, C5, C8 For i = j = 2 and C2,
C3 For i = 1 and j = 2 (or i = 2 and j = 1). To each orthocell C, we associate
a vector eijC of V
i ⊗ V j by the following rule :
First we realize the Weyl group W as permutations matrices in SL(3), then we
put w.e(i) = eiw if e
(i) is the highest weight vector for V i and finally :
eijC =
∑
L⊂A
eisL¯w ⊗ e
j
sLw
where C = {sαiw,αi ∈ A}, L¯ = A\L and sL is the product of sαi for αi in L.
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In the SL(3) case we get the following vectors :
e11
C0
1
= e11
C0
2
= e1 ⊗ e1 e
11
C0
3
= e11
C0
4
= e2 ⊗ e2
e11
C0
5
= e11
C0
6
= e3 ⊗ e3 e
11
C1
= e11C2 = e1 ⊗ e2 + qe2 ⊗ e1
e11C5 = e
11
C6
= e2 ⊗ e3 + qe3 ⊗ e2 e11C8 = e1 ⊗ e3 + qe3 ⊗ e1
e22
C0
1
= e22
C0
3
= (e1 ∧ e2)⊗ (e1 ∧ e2) e22C0
5
= e22
C0
2
= (e1 ∧ e3)⊗ (e1 ∧ e3)
e22
C0
4
= e22
C0
6
= (e2 ∧ e3)⊗ (e2 ∧ e3)
e22C2 = e
22
C3
= (e1 ∧ e3)⊗ (e2 ∧ e3) + q(e2 ∧ e3)⊗ (e1 ∧ e3)
e22C4 = e
22
C5
= (e1 ∧ e2)⊗ (e1 ∧ e3) + q(e1 ∧ e3)⊗ (e1 ∧ e2)
e22C8 = (e2 ∧ e1)⊗ (e2 ∧ e3) + q(e2 ∧ e3)⊗ (e2 ∧ e1)
e12
C0
1
= e1 ⊗ (e1 ∧ e2) e12C0
4
= e2 ⊗ (e2 ∧ e3)
e12
C0
2
= e1 ⊗ (e1 ∧ e3) e12C0
5
= e3 ⊗ (e1 ∧ e3)
e12
C0
3
= e2 ⊗ (e1 ∧ e2) e12C0
6
= e3 ⊗ (e2 ∧ e3)
e12C2 = e1 ⊗ (e2 ∧ e3) + qe2 ⊗ (e1 ∧ e3) e
12
C5
= e2 ⊗ (e3 ∧ e1) + qe3 ⊗ (e2 ∧ e1)
.
With these notations V ij is linearly generated by the vectors eijC where C is
small and ij-effective [1].
Remark 1 This construction can be compared with the Demazure’s one of a
basis for an irreducible module for a simple Lie algebra [6],in fact, the explicit
C. Ohn construction gives a generating system only if the highest weight has the
form λ1 + λ2 where λ1 and λ2 are fundamental.
1
r✟✟
✟
◗
◗◗
◗
◗◗
1 r❍❍❍
r
θ3
r
θ2
r
1
r
✲✡
✡
✡
✡✡✣
✡
✡
✡
✡✡
1
1
r
1
r
θ1
sα1
1
2θ1 + θ2
r❍❍
❍
1
r✟✟✟
sα2
For instance for V 1 ⊗ V 2, the trivial small orthocells define in the dual of the
cartan subalgebras the 6 vectors, image of the weight̟1+̟2 under the action of
the Weyl group (the vertices of the hexagon) and the 2 nontrivial correspond to
two representations of a subgroup SL(2,C) inside SL(3,C) (two of the diagonals
of the hexagon), thus to 2 times the weight 0, the third diagonal corresponding
9
to a non small orthocell is excluded.
Let us now choose invariant supplementary space for V ij in V i ⊗ V j :
V 1 ⊗ V 1 = V 11 ⊕Vec{e1 ⊗ e2 − e2 ⊗ e1; e2 ⊗ e3 − e3 ⊗ e2;
e1 ⊗ e3 − e3 ⊗ e1}
V 2 ⊗ V 2 = V 22 ⊕Vec{(e1 ∧ e3)⊗ (e2 ∧ e3)− (e2 ∧ e3)⊗ (e1 ∧ e3);
(e1 ∧ e2)⊗ (e1 ∧ e3)− (e1 ∧ e3)⊗ (e1 ∧ e2);
(e1 ∧ e2)⊗ (e2 ∧ e3)− (e2 ∧ e3)⊗ (e1 ∧ e2)}
V 1 ⊗ V 2 = V 12 ⊕Vec{e1 ⊗ (e2 ∧ e3) + e2 ⊗ (e3 ∧ e1) + e3 ⊗ (e1 ∧ e2)}
V 2 ⊗ V 1 = V 21 ⊕Vec{(e2 ∧ e3)⊗ e1 + (e3 ∧ e1)⊗ e2 + (e1 ∧ e2)⊗ e3}
We refind the sixteen relations defining the classical shape algebra by considering
the relations:
(I)ij = kerm|Vi ⊗ Vj
(II)12 = R12(e
12
C ) = e
21
C , (II)11 and (II)22 are trivials.
where R12 is the isomorphism R12 : V
1 ⊗ V 2 → V 2 ⊗ V 1. Explicitly, we find :
(I)11 = {pipj = pjpi, (i < j)} (I)22 = {qiqj = qjqi, (i < j)}
(I)12 = {p1q1 + p2q2 + p3q3 = 0} (II)12 = {piqj = qjpi, ∀i, j}
To define the quantum SL(3,C), we start with its representation theory, similar
to the representation theory for classical SL(3,C). For instance, V 1 and V 2
becomes [2]:
Kβe
i
w = q
<w̟i,β>eiw
K−1β e
i
w = q
−<w̟i,β>eiw
and
Xβe
i
w = 0, Yβe
i
w = e
i
sβw
if < w̟i, β >= 1
Xβe
i
w = 0, Yβe
i
w = 0 if < w̟i, β >= 0
Xβe
i
w = e
i
sβw
, Yβe
i
w = 0 if < w̟i, β >= −1
for (i, j) = (1, 2) and β = α1 or α2.
Now we define the quantum eijC by:
eijC =
∑
L⊂A
q|L|eisL¯w ⊗ e
j
sLw
.
V ij is still generated by the eijC , irreducible, with the highest weight ̟i +̟j .
We choose supplementary spaces for V ij in V i ⊗ V j by :
V 1 ⊗ V 1 = V 11 ⊕Vec{(pipj − qpjpi)∗, (i < j)}
V 2 ⊗ V 2 = V 22 ⊕Vec{(qiqj − qqjqi)∗, (i < j)}
V 1 ⊗ V 2 = V 12 ⊕Vec{(q−2p1q1 + q−1p2q2 + p3q3)∗}
V 2 ⊗ V 1 = V 11 ⊕Vec{(q1p1 + q−1q2p2 + q−2q3p3)∗}
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Now the sixteen relations defining the quantum shape algebra are :
(I)11 pipj − qpjpi = 0, (i < j)
(I)22 qiqj − qqjqi = 0, (i < j)
(I)12 p2q2 + q
−1p1q1 + qp3q3 = 0
(I)21 q2p2 + qq1p1 + q
−1q3p3 = 0
(II)12 = (II)21 pipj − qpjpi = 0 i 6= j
p1p1 = qq1p1, p3q3 = q
−1q3p3.
Since the quantum shape algebra is quadratic, we get here a description of this
algebra.
Theorem 1 (Quantum shape algebra for SL(3,C))
The quantum shape algebra is the quotient of the tensor associative algebra
T (p, q) generated by p1, p2, p3, q1, q2, q3 by the two sided ideal generated by these
sixteen relations.
Remark 2 In [1] C. Ohn describe geometrically the preceding construction as
a deformation of a sheme E canonically defined in G
/
B .
5 Geometrical construction for G1 and G0
In this part, we try to adapt the preceeding construction for the cases of G0 and
G1. We denote by B0 and B1 the “Borel subgroup” B∩G0, B∩G1 for G0 and
G1. We associate to them the ”flag” manifolds D0 =
G0
/
B0
and D1 =
G1
/
B1
.
As in section 3 we get :
D0 ≃ {[p], [q] ∈ P(C
3), q3 = 1, pq = 0} ⊂ D
D1 ≃ {[p], [q] ∈ P(C
3), q3 6= 0, pq = 0} ⊂ D.
Then D0 = D1 is a dense subset of D. The characters for D0 and D1 have the
form :
χ0n :

 a1 b1 00 b2 0
0 0 1

 7→ a−n1 (n ∈ Z)
χ1n1,n2 :

 a1 b1 00 b2 0
0 0 c3

 7→ a−n11 cn23 (n1, n2 ∈ Z).
Thus χ1n1,n2 |B0 = χ
0
n1
and the line bundles G1 ×χ1n1,n2
C → D1 and
G0 ×χ0n1
C→ D0 are isomorphic for any n2 [3].
Let us consider now the space of holomorphic sections for these bundles. We
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put Ui = Gi ∩ U then :
G1
/
U1
≃ {(p, q) ∈ C6, p 6= 0 q3 6= 0, pq = 0}
G0
/
U0
≃ {(p, q) ∈ C6, p 6= 0 q3 = 1, pq = 0}.
As in section 3 we embed these spaces in P(C7) and take their closure :
G1
/
U1
= G
/
U = {

 pq
1

 , p.q = 0}
G0
/
U0
= {

 pq
1

 , q3 = 1, p.q = 0} ⊂ G1/U1
but G0
/
U0
6= G1
/
U1
Theorem 2 (Space of section)
• If n1 < 0,
H0(G1
/
B1
, χ1n1,n2) ≃ H
0(G0
/
B0
, χ0n1) = {0}.
• If n1 ≥ 0, then H0(G1
/
B1
, χ1n1,n2) is infinitely dimensional.
More precisely :
H0(G1
/
B1
, χ1n1,n2) ≃
∞⋃
l=sup(0,−n2)
1
ql3
H0(G
/
B,χn1,l+n2)
and
⊕∞n1=0⊕
∞
n2=0H
0(G1
/
B1
, χ1n1,n2) = O(
G1
/
U1
∩ {q3 6= 0})
Similarly :
H0(G0
/
B0
, χ0n1) ≃
∞⋃
l=0
H0(G
/
B,χn1,l)|q3=1
and
⊕∞n1=0H
0(G0
/
B0
, χ0n1) ≃ O(
G0
/
U0
)
Proof : First, the space of holomorphic sections vanishes if n = n1 < 0 since
their restriction to SL(2,C) are sections of the usual line bundle :
SL(2,C)×χn1,n2 C −→
SL(2,C)/
B ∩ SL(2,C)
There are no restrictions on n2.
As above, a section f in H0(G1
/
B1
, χ1n1,n2) can be viewed as a homo-
geneous function in x, y, z with degree n1 + n2 in x, n2 in y and 0 in z3.
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f ∈ H0(G1
/
B1
, χ1n1,n2) has the form
ϕ(x, y, z)
(det g)k(q3(g))l
.
We multiply f by (det g)k and we choose l as small as possible.
We get :
f =
ϕ(x, y, z)
(q3(x, y))l
.
Moreover, the covariance relation f(g1b1) = χ
1
n1,n2
(b1)
−1f(g1) implies that ϕ is
an homogeneous polynomial function with degree 0 in z, l in y and n1 + n2 in
x. ϕ being U1-invariant, since :

 x1 y1 0x2 y2 0
x3 y3 z3

 =

 p1 0 0p2 q3p1 0
p3
−q2
p1
1
q3

 .

 1
y1
x1
0
0 1 0
0 0 1

 .
If x1 6= 0, we can write :
f(x, y) =
F1(p, q)
pn21 q
l
3
for p1 6= 0
=
F2(p, q)
pn22 q
l
3
for p2 6= 0
As in the section 3, the function ql3f coincides in fact with a polynomial function
in the variables p and q. Thus :
(∗∗) f(x, y) =
1
ql3
F (p, q) (degp F = n1, degq F = l + n2 ≥ 0).
But now 1/ql3 is in O(
G/
U ), we can not eliminate the denominator q
l
3.
By the preceeding discussion, F can be viewed as an element of H0(G
/
B,χn1,l)
and (∗∗) proves that :
H0(G1
/
B1
, χ1n1,n2) ≃
∞⋃
l=sup(0,−n2)
1
ql3
H0(G
/
B,χn1,l+n2)
We don’t have a direct sum since for instance:
1 =
q3
q3
= ... =
ql3
ql3
∈ H0(G
/
B,χ0,0)∩
1
q3
H0(G/B , χ0,1)∩...∩
1
ql3
H0(G/B , χ0,l)
Finally, G1
/
U1
= G
/
U , then a function f belongs to O(
G1
/
U1
∩ {q3 6= 0}) if
and only if f can be written:
f(x, y) =
1
ql3
F (p, q) (l ≥ 0),
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where F is a polynomial function. Then F =
∑
n1,n
′
2
Fn1,n′2 where Fn1,n′2 is a
homogeneous with degree n1 in p, n
′
2 in q or:
f(x, y) =
∑
n1,n
′
2
≥0
1
ql3
Fn1,n′2 =
∑
n1≥0,n2≥−l
1
ql3
Fn1,n2+l ∈
∑
n1,n2
H0(G1
/
B1
, χ1n1,n2).
The sum is clearly direct. Similarly, since the bundle G0×χ0n1
C is the restriction
to G0 of the bundle G1 ×χ1
n1,0
C ([3]), we have:
H0(G0
/
B0
, χ0n1) = H
0(G1
/
B1
, χ1n1,0)|q3=1
this gives the last assertions of our theorem.
6 Shape algebra for G1
Similarly to the G-case, we shall define the (classical and quantum) shape al-
gebras for G1 as the vector space O(G1
/
U1
∩ {q3 6= 0}) of all the line bundles
over G1
/
B1
.
At the classical level this algebra is generated by the space V1⊕V2⊕V−1 where:
V1 = V ec(p1, p2, p3), V2 = V ec(q1, q2, q3), V−1 = C
1
q3
In order to define the multipication law of our shape algebra, we need a large
family of representations (πi) of G1 such that the representation πi ⊗ πj is a
finite sum of some πk.
Let us recall that G1 is a classical and quantum subgroup of G (see section 2),
then each irreducible finite dimensional representation V λ of G is a representa-
tion, still denoted V λ of G1.
Since V λ is generated by a highest weight vector (and its dual Vλ by a lowest
weight vector, the funtion pn13 q
n2
1 ), then V
λ is an indecomposable representa-
tion of G1, generally it is not irreducible: the SL(2) module, generated by the
highest weight vector, is a G1-submodule without any direct factor.
We select now, the family ((V −1)⊗l ⊗ V λ)n1≥0,n2≥0,l≥0 as our family of rep-
resentation for G1 the dual of such a representation appears naturally as the
space of functions f in O(G1
/
U1
∩ {q3 6= 0}) of the form:
f(x, y) =
1
ql3
F (p, q) degpF = n1, degqF = n2.
Especially it is generated by V−1, V1 and V2, since V−1 ⊗ Vi and Vi ⊗ V−1 are
elements of our family of representation, there is no supplementary spaces, thus
no relation like I−12 or I−11. However, the shape algebra is no more a direct sum
of our representation spaces.Thus we have to add a new relation I0−1,2 = I
0
2,−1
since
(V−1)
⊗0 ⊗ V0,0 ⊂ V−1 ⊗ V2
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1⊗ 1 =
1
q3
⊗ q3 = q3 ⊗
1
q3
Thus the quadratic relations for the classical shape algebra of G1 are those of
the classical G:
I11, I12 = I21, I22, II12 = II21
and
I0−12 (1/q3).q3 = 1
I02−1 q3.(1/q3) = 1
II−11 (1/q3).pi = pi.(1/q3)
II−12 (1/q3).qi = qi.(1/q3)
But the relations II−11 and II−12 are consequences of I
0
−12, I
0
2−1 and Iij , IIij
(i ≥ 0, j ≥ 0).
Let us, now consider the quantum case, thus V 1, V 2 are the restriction to G1
of the G module V 1, V 2, we define V −1 as the one dimensional space Cv with:
X1v = Y1v = Y2v = 0, K1v = v, K2v = q
−1v.
Then the quadratic relations in the shape algebra are:
I11, I22, I12, I21, II12 = II21
and
I0−12 (1/q3).q3 = 1
I02−1 q3.(1/q3) = q
Theorem 3 (Quantum shape algebra for G1)
The quantum shape algebra is the quotient of the tensor associative algebra
T (p, q, 1/q3), generated by p1, p2, p3, q1, q2, q3, 1/q3, by the above relations.
Indeed, the shape algebra is a quotient of the algebra defined in theorem 3 but
if q = 1 this quotient has to coincide with O(G1
/
U1
∩ {q3 6= 0}) which is the
classical shape algebra, thus our quotient is trivial.
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